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In this work the influence of the post-Newtonian corrections to the equations of stellar structure
is analysed. The post-Newtonian Lane-Emden equation follows from the corresponding momentum
density balance equation. From a polytropic equation of state the solutions of the Lane-Endem
equations in the Newtonian and post-Newtonian theories are determined and the physical quantities
for the Sun, for the white dwarf Sirius B and for neutron stars with masses M ' 1.4M�, 1.8M�
and 2.0M� are calculated. It is shown that the post-Newtonian corrections to the fields of mass
density, pressure and temperature are negligible for the Sun and Sirius B, but for stars with strong
fields the differences become important. For the neutron stars analysed here the central pressure
and the central temperature which follow from the post-Newtonian Lane-Emden equation are about
fifty to sixty percent greater than those of the Newtonian theory and the central mass density is
about three to four percent smaller.

I. INTRODUCTION

The investigation of the internal structure of the stars is an old subject in the literature and this
topic was extensively described in the seminal books by Eddington [1] and Chandrasekhar [2].

In astrophysics the Newtonian theory assumes a prominent role in the characterization of the struc-
ture and dynamics of stars, but also general relativity assumes an important role in astrophysics.

In the analysis of self-gravitating systems it is important to have an approximation scheme that
provides a Newtonian description in the lowest order and relativistic effects as higher order perturba-
tions. For that end the post-Newtonian theory can supply the desired relativistic corrections to the
Newtonian theory.

The post-Newtonian theory was proposed by Einstein, Infeld and Hoffmann [3] and refers to the
solution of Einstein’s field equations from a method of successive approximations in the inverse power
of the light speed (for a description of the method see e.g. the books [4–7]). The full Eulerian
hydrodynamic equations in the first post-Newtonian approximation were derived by Chandrasekhar
[8] and the corresponding ones in the second post-Newtonian approximation by Chandrasekhar and
Nutku [9].

The post-Newtonian approximation is important in analyzing several problems: the equations of
motion of binary pulsars [10, 11], neutron stars [12, 13], galaxy rotation curves [14, 15], Jeans instability
[16–18], spherical accretion [19], stationary spherical self-gravitating systems [20], among others.

In the last years the equations of stellar structure were analysed within the framework of the f(R)
theory where a modified Lane-Emden equation was derived Farinelli et al. [21], Capozziello & De
Laurentis [22], André & Kremer [23].

The aim of this work is to investigate the influence of the post-Newtonian corrections in the equations
of stellar structure which follow from the solution of the post-Newtonian Lane-Emden equation. This
equation is obtained from the post-Newtonian momentum density balance equation for a stationary
self-gravitating system where a polytropic equation of state is considered. The physical quantities
related with the mass density, pressure and temperature of a star are explicitly expressed in terms of
the variables of the post-Newtonian Lane-Emden equation. From the polytropic solutions of the Lane-
Endem equations in the Newtonian and post-Newtonian theories the physical quantities for the Sun, the
white dwarf Sirius B and for neutron stars with masses M ' 1.4M�, 1.8M� and 2.0M� are calculated.
From the comparison of the Newtonian and post-Newtonian results for the physical quantities it is
shown that the post-Newtonian corrections to the fields of mass density, pressure and temperature are
negligible for the Sun and Sirius B. However for stars with strong fields the differences between the
two theories become important, since for the neutron stars analysed here the central pressure and the
central temperature which follow from the post-Newtonian Lane-Emden equation are about fifty to
sixty percent greater than those of the Newtonian theory and the central mass density is about three
to four percent smaller.
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This paper is outlined as follows: In Section II, we introduce the post-Newtonian momentum density
balance equation and the corresponding Poisson equations. The post-Newtonian Lane-Emden equation
is derived in Section III. In Section IV, we introduce the stellar structure equations in the post-
Newtonian approximation. In Section V, the numerical solutions for the mass density, pressure and
temperature for the Sun, Sirius B and for the neutron stars are determined and the Newtonian and
post-Newtonian values for these fields are compared. Finally, in Section VI, we close the paper with
the conclusions.

II. POST-NEWTONIAN MOMENTUM DENSITY BALANCE EQUATION

For a perfect fluid the energy-momentum tensor is given by

Tµν = (ε+ p)
UµUν

c2
+ pgµν . (1)

In the above equation p is the hydrostatic pressure, Uµ the four-velocity (such that UµUµ = c2), gµν

the metric tensor and ε the energy density which has two contributions, one refers to the mass density
ρc2 and another with its internal energy density ε, i.e, ε = ρc2

(
1 + ε/c2

)
. Here we shall investigate a

perfect fluid characterized by the polytropic equation of state p = κργ , where κ is a constant and γ is
related with the polytropic index n = 1/(γ − 1). For a polytropic fluid the internal energy density is
given by ε = p/[ρ(γ − 1)] = np/ρ.

In the derivation of the post-Newtonian approximations from Einstein’s field equations in powers of
the ratio v/c – where v is a typical speed of the system and c the light speed – the components of the
metric tensor in the first post-Newtonian approximation read [7, 8]

g00 = 1− 2U

c2
+

2

c4
(
U2 − 2Φ

)
, g0i =

Πi

c3
, gij = −

(
1 +

2U

c2

)
δij , (2)

where the Newtonian U , the scalar Φ and the vector Πi gravitational potentials satisfy the Poisson
equations

∇2U = −4πGρ, ∇2Φ = −4πGρ

(
V 2 + U +

ε

2
+

3p

2ρ

)
, (3)

∇2Πi = −16πGρVi +
∂2U

∂t∂xi
. (4)

Here V is the hydrodynamic three-velocity and G the universal gravitational constant.
The balance of the momentum density in the first post-Newtonian approximation obtained from the

conservation of the energy-momentum tensor reads [7, 8]

∂σVi
∂t

+
∂σViVj
∂xj

+
∂

∂xi

[
p

(
1− 2U

c2

)]
− ρ ∂U

∂xi

[
1 +

1

c2

(
2V 2 + ε− 2U − p

ρ

)]
− ρ

c2
Vj

(
∂Πi

∂xj
− ∂Πj

∂xi

)
+ 4

ρ

c2
Vi

(
∂U

∂t
+ Vj

∂U

∂xj

)
− ρ

c2

(
2
∂Φ

∂xi
+
∂Πi

∂t

)
= 0, (5)

where σ is the following abbreviation introduced by Chandrasekhar [8]

σ = ρ

[
1 +

1

c2

(
V 2 + 2U + ε+

p

ρ

)]
. (6)

III. POST-NEWTONIAN LANE-EMDEN EQUATION

For the description of stellar structure models in the post-Newtonian approximation, we start with
the balance equation of momentum density (5) by considering stationary self-gravitating systems where
the hydrodynamic three-velocity vanishes, i.e, V = 0. Since in spherical coordinates the only depen-
dence of the fields ρ, p, U and Φ is on the radial variable r, equation (5) becomes(

1− 2U

c2

)
dp

dr
− ρdU

dr

[
1 +

1

c2

(
ε+

p

ρ
− 2U

)]
− 2ρ

c2
dΦ

dr
= 0. (7)
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By neglecting the 1/c2 terms the above equation reduces to the Newtonian limiting case dp/dr =
ρdU/dr.

Equation (7) can be rewritten – by taking into account that ε = np/ρ and by considering terms up
to 1/c2 – as

1

ρ

dp

dr

(
1− n+ 1

c2
p

ρ

)
− d

dr

(
U + 2

Φ

c2

)
= 0. (8)

If we assume the polytropic equation of state p = κρ
n+1
n , the differential equation (8) can be solved

for the mass density ρ as function of the gravitational potentials U,Φ, so that from the integration of
the resulting equation we get

U + 2
Φ

c2
= (n+ 1)κρ

1
n

(
1− κ(1 + n)

2c2
ρ

1
n

)
. (9)

In the above equation it was considered that the gravitational potentials U and Φ and the mass density
ρ vanish at the boundary of the star. The argument that U vanish at the boundary is due to Eddington
[1], here we extend it to the post-Newtonian gravitational potential Φ.

We can solve (9) for ρ up to order 1/c2, yielding

ρ =

 U + 2Φ
c2

(n+ 1)κ
(

1− κ(1+n)
2c2 ρ

1
n

)
n ≈ ( U

(n+ 1)κ

)n [
1 +

n

c2

(
U

2
+

2Φ

U

)]
. (10)

The Poisson equations (3) for the gravitational potentials U and Φ in spherical coordinates, for

stationary systems ruled by a polytropic equation of state p = κρ
n+1
n and ε = np/ρ become

1

r2

d

dr

(
r2 dU

dr

)
= −4πGρ,

1

r2

d

dr

(
r2 dΦ

dr

)
= −4πGρ

(
U +

3 + n

2
κρ

1
n

)
. (11)

The combination of the two Poisson equations (11) yields

1

r2

d

dr

[
r2 d

dr

(
U + 2

Φ

c2

)]
= −4πGρ

[
1 +

2

c2

(
U +

3 + n

2
κρ

1
n

)]
. (12)

The elimination of the potentials U,Φ from (12) by using (9) results the following differential equation
for the mass density

κ(n+ 1)
1

r2

d

dr

[
r2 d

dr

(
ρ

1
n − 1 + n

2c2
κρ

2
n

)]
= −4πGρ

[
1 +

5 + 3n

c2
κρ

1
n

]
. (13)

The dimensionless Lane-Emden equation is obtained from the introduction of the dimensionless
variables [1, 2]

z =
r

a
, u(z) =

(
ρ

ρc

) 1
n

, a =

√
(n+ 1)κ

4πG
ρ

1−n
n

c , (14)

where ρc denotes the mass density at the center of the star.
The introduction of the new variables (14) into (13) leads to the Lane-Emden equation in the first

post-Newtonian approximation(
1− (1 + n)pc

c2ρc
u(z)

)[
d2u(z)

dz2
+

2

z

du(z)

dz

]
− (1 + n)pc

c2ρc

(
du(z)

dz

)2

= −u(z)n
(

1 +
(5 + 3n)pc

c2ρc
u(z)

)
, (15)

where pc = κρ
n+1
n

c is the hydrostatic pressure at the center of the star.
An equivalent version of the first post-Newtonian approximation of the Lane-Emden equation is

obtained from the multiplication of (15) by [1 + (5 + 3n)pcu(z)/c2ρc] and considering terms up to the
order 1/c2, yielding(

1− (6 + 4n)pc
c2ρc

u(z)

)[
d2u(z)

dz2
+

2

z

du(z)

dz

]
− (1 + n)pc

c2ρc

(
du(z)

dz

)2

+ u(z)n = 0. (16)
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If in the above equation we do not consider the 1/c2–terms the Newtonian limit of the Lane-Emden
equation is recovered, namely

1

z2

d

dz

(
z2 du(z)

dz

)
= −u(z)n. (17)

Furthermore, by considering the perfect fluid equation of state for the hydrostatic pressure at the
center of the star pc = ρckTc/m = ρckTc/µmµ – where Tc represents the temperature at the star
center, µ the mean molecular weight and mµ the unified atomic mass – we can write

pc
ρcc2

=
kTc
mc2

=
kTc

µmµc2
. (18)

Note that pc/ρcc
2 represents the ratio of the thermal energy of the fluid at the star center kTc and the

rest energy of its particles mc2.
In astrophysics, the Lane-Emden equation is used to describe thermodynamic system structures

characterized by polytropic fluids, considering the gravitational interaction. This equation allows us
to determine some physical quantities for these systems, such as pressure, density, and temperature.

IV. PHYSICAL QUANTITIES OF STARS

In this section we follow Eddington [1] and Chandrasekhar [2] and give the expressions for the
mass, radius, pressure, mass density and temperature of the stars which follow from the Lane-Emden
equation.

The Lane-Emden equation (16) will be solved by considering the boundary conditions

u(0) = 1,
du(z)

dz

∣∣∣∣
z=0

= 0. (19)

The numerical solution of (16) represents a monotonically decreasing behavior of u(z) and its first
zero – denoted by z|u=0 = R∗ – corresponds to the surface of the star. From (14) the radius of the
star becomes

R = aR∗ =

√
(n+ 1)κ

4πG
ρ

1−n
n

c R∗. (20)

For a sphere with radius R its inner mass M(R) is given by

M(R) =

∫ R

0

4π
√
γ∗ρr

2dr, (21)

Here γ∗ denotes the determinant of the spatial metric tensor, which by considering terms up to 1/c2

order reads

√
γ∗ =

√
−g
g00

=

(
1 +

3U

c2

)
=

(
1 +

3(n+ 1)κρ
1
n

c2

)
=

(
1 +

3(n+ 1)pc
c2ρc

u(z)

)
, (22)

by taking into account (9), (14) and the expression for the determinant of the metric tensor in the first
post-Newtonian approximation g = −(1 + 4U/c2).

The mass of the star which follows from the Lane-Emden equation (16) is given by

M(R) = 4πa3ρc

∫ R∗

0

(
1 +

3(n+ 1)pc
c2ρc

u(z)

)
z2undz

= −4πa3ρc

∫ R∗

0

{(
1− (3 + n)pc

c2ρc
u(z)

)[
d2u(z)

dz2
+

2

z

du(z)

dz

]
− (1 + n)pc

c2ρc

(
du(z)

dz

)2}
z2dz = 4πρca

3M∗. (23)

In the second equality above we have considered only terms up to the 1/c2 order.
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From the elimination of a and ρc from (23) by using (14) and (20) we get that the mass of the star
becomes

M(R) = 4π

[
(n+ 1)κ

4πG

] n
n−1

(
R

R∗

)n−3
n−1

M∗. (24)

Now we can build the mass-radius relationships by taking into account (20) and (24), yielding

GM(R)

M∗

R∗

R
= (n+ 1)κρ

1
n
c ,

(
GM(R)

M∗

)n−1(
R∗

R

)n−3

=
[(n+ 1)κ]n

4πG
. (25)

The quantities R∗ and M∗ can be determined from the Lane-Emden equation (16) once the mass
M(R) and radius R of a star are known. Furthermore, for fixed values of the polytropic index n, the
values of κ and ρc follow from (25).

We may also express the central mass density of the star as function of the mean mass density of
the star ρ, namely

ρ =
M(R)

4πR3/3
, hence ρc =

R3
∗

3M∗
ρ, (26)

thanks to (20) and (23).

From the polytropic equation of state pc = κρ
1+n
n

c together with (25) and (26) we can determine the
central pressure of the star

pc =
GM(R)

M∗

R∗

R

ρc
n+ 1

=
GM(R)

M∗

R∗

R

ρ

n+ 1

R3
∗

3M∗
, (27)

furthermore, from the equation of state of a perfect fluid we get the temperature at the center of the
star

Tc =
µmµ

k

pc
ρc

=
µmµ

k(n+ 1)

GM(R)

M∗

R∗

R
. (28)

The mass density, pressure and temperature as functions of the dimensionless radial distance z
follows from the polytropic equation of state and (14), yielding

ρ(z) = ρc u(z)n, p(z) = pc u(z)n+1, T (z) = Tc u(z). (29)

V. POLYTROPIC SOLUTIONS OF THE LANE-EMDEN EQUATION

A star is identified as a self-gravitating spherically symmetrical mass of a highly ionized gas at
equilibrium which is held together by its own gravity. Normally a star is considered to be composed by
three kinds of species: hydrogen, helium and heavy elements, which for the purpose of the calculations
are not specified.

If X, Y and Z denote the mass fraction of hydrogen, helium and heavy elements, respectively, for a
mixture with these three species we must have that X + Y + Z = 1 and the mean molecular weight
becomes [2]

µ =
1

2X + 3Y/4 + Z/2
=

4

2 + 6X + Y
. (30)

In this work we are interested in determining the influence of the post-Newtonian approximation
in the stellar structures: neutron stars, white dwarfs, and the Sun. Neutron stars are formed from a
gravitational collapse of massive stars at the end of their life and practically have only neutrons so
that µ = 1. The mass fractions for the Sun are X = 0.73, Y = 0.25 and Z = 0.02 [24] and its mean
molecular weight is µ = 0.6. White dwarfs are compact objects with low luminosity and here we shall
investigate the white dwarf Sirius B – which is the companion that orbits around the Sirius star –
where there exists almost heavy metals Z ≈ 1, are devoid of hydrogen and helium so that X = Y ≈ 0
so that the mean molecular weight is µ = 2.

The Sun has a radius R� = 6.96 × 108m, a mass M� = 1.989 × 1030kg and the polytropic index
usually adopted for it is n = 3. For white dwarf stars with higher masses the polytropic index can also
be considered as n = 3 and the Sirius B has mass M = 1.5M� and radius R = 8.4× 10−3R�.
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Neutron stars are represented by an equation of state with a polytropic index n ' 1 [25] and we
will focus our attention to neutron stars with masses M ' 1.4,M�, 1.8M� and 2.0M�. According
to [26, 27] the radii of the neutron stars are in the range 8.3 km ≤ R ≤ 12 km for all neutron stars.
Here we adopted the following radii for the neutron stars: R ' 9.8 km for M ' 1.4M�, R ' 9 km for
M ' 1.8M� and R ' 8.7 km for M ' 2.0M�. The radius of the neutron star corresponding to the
mass M ' 1.8M� was taken as R ' 9 km and the radii of the neutron stars with masses 1.4M� and

2.0M� were obtained by using the relationship R ∝M− 1
3 .

First we analyze the results that follow from the Newtonian Lane-Emden equation for the Sun,
Sirius B and the neutron stars. In Table I the first zeros were found as numerical solutions of the
Newtonian Lane-Emden equation (17) and the mean and central mass densities, central pressure and
central temperature were calculated from (26), (27) and (28) when the post-Newtonian correction
pc/c

2ρc is not considered. The polytropic indexes adopted are: n = 1 for the neutron stars and n = 3
for the Sun and Sirius B . We infer from this table that the Sun and Sirius B have the same first
zeros, since they have the same polytropic index. Furthermore, the values of the central quantities for
the neutron stars are several orders of magnitude greater than those of the white dwarf Sirius B and
the same occurs when we compare the values of the central quantities of the latter with those of the
Sun. This behavior follows from the fact that smaller radius and a greater mass lead to an increase in
the values of the central quantities.

Table I. First zeros, central and mean mass densities, central pressures and central temperatures calculated
from the Newtonian Lane-Emden equation (17).

R∗ M∗ ρ (kg/m3) ρc (kg/m3) pc (Pa) Tc (K)
Sun 6.90 2.02 1.41× 103 7.64× 104 1.25× 1016 1.18× 107

Sirius B 6.90 2.02 2.89× 109 1.56× 1011 3.34× 1024 5.14× 109

1.4M� 3.14 3.14 7.06× 1017 2.33× 1018 2.21× 1034 1.14× 1012

1.8M� 3.14 3.14 1.17× 1018 3.87× 1018 5.14× 1034 1.59× 1012

2.0M� 3.14 3.14 1.44× 1018 4.76× 1018 7.27× 1034 1.84× 1012

From the comparison of the Lane-Emden equations in the post-Newtonian (16) and Newtonian (17)
theories we note that the difference between them lies on the terms that are multiplied by pc/ρcc

2 =
kTc/mc

2, which corresponds to the ratio of the thermal energy of the fluid at the star center kTc and
the rest energy of its particles mc2 = µmµc

2. This parameter was determined from the values of the
central temperature Tc given in Table I and are shown in Table II.

Table II. Values of the ratio pc/ρcc
2 = kTc/mc

2.

Sun Sirius B 1.4M� 1.8M� 2.0M�
kTc/mc

2 1.19× 10−6 2.37× 10−4 1.05× 10−1 1.48× 10−1 1.70× 10−1

We may conclude from the Table II that the values of the ratio pc/ρcc
2 = kTc/mc

2 for the Sun
and Sirius B are very small so that the post-Newtonian corrections to the Lane-Emden equation are
negligible and the values given in Table I for these stars remain practically unchanged.

Table III. First zero, central and mean mass densities, central pressure and central temperature from the
post-Newtonian Lane-Emden equation (16) for the neutron stars.

R∗ M∗ ρ (kg/m3) ρc (kg/m3) pc (Pa) Tc (K)
1.4M� 2.56 1.75 7.06× 1017 2.26× 1018 3.14× 1034 1.67× 1012

1.8M� 2.43 1.52 1.17× 1018 3.70× 1018 7.86× 1034 2.56× 1012

2.0M� 2.38 1.43 1.44× 1018 4.55× 1018 1.16× 1035 3.06× 1012

The post-Newtonian corrections are important for more massive stars like the neutron stars, since its
central temperature is at least three orders of magnitude greater than those of the Sun and Sirius B and
the ratio of the thermal energy at the star center and the rest energy of the particle is kTc/mc

2 ≈ 10−1.
In Table III the first zero and the values for the central quantities – calculated from the post-Newtonian
Lane-Emden equation (16) – are given for the neutron stars. We may infer from the comparison of
the values for the neutron stars given in the Tables I and III that in the post-Newtonian theory the
values for the central pressure and temperature are about fifty to sixty percent larger than those of the
Newtonian theory, while the value for the central mass density is about three to four percent smaller.
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0

5.0× 1017

1.0× 1018
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Figure 1. Mass densities ρ as functions of the normalized radius r/R for the neutron star 1.8M�. Solid line –
post-Newtonian solution, dashed line – Newtonian solution.
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6 × 1034
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Figure 2. Pressures p as functions of the normalized radius r/R for the neutron star 1.8M�. Solid line –
post-Newtonian solution, dashed line – Newtonian solution.
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0
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1.0× 1012
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T
(K

)

Newtonian
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Figure 3. Temperatures T as functions of the normalized radius r/R for the neutron star 1.8M�. Solid line –
post-Newtonian solution, dashed line – Newtonian solution.

From the knowledge of the numerical solutions which follow from the Newtonian and post-Newtonian
Lane-Emden equations for u(z) and of the central quantities for ρc, pc and Tc, one may obtain from (29)
the behaviors of the mass density ρ, pressure p and temperature T as functions of the normalized radius
r/R. In Figure 1 the mass density ρ for the neutron star with mass 1.8M� is plotted as a function
normalised radius r/R, while the Figures 2 and 3 represent the pressure p and the temperature T ,
respectively. While the post-Newtonian solutions for the pressure and temperature are greater than
those of the Newtonian ones, the Newtonian solution for the mass density is greater than the post-
Newtonian solution. All three plots show that all fields have a monotonically decreasing behavior with
respect to the normalized radius.

The value of the mass density at the crust can be obtained from the limiting value when r/R → 1
and its value is of order 1015, while from Figure 1 we infer that the mass density value at the center of
the neutron star is of order 1018. Both values are one magnitude order greater than those reported in
the literature. Note that here a polytropic equation of state was assumed and there are other equations
of state that were proposed in the literature to describe properly the neutron stars [28].
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VI. CONCLUSIONS

The aim of this work was to analyse the influence of the post-Newtonian corrections in the stellar
structure equations. Starting from the post-Newtonian momentum density balance equation, the
corresponding Lane-Emden equation was obtained. By assuming a polytropic equation of state, the
solutions of the Lane-Endem equations in the Newtonian and post-Newtonian theories were determined.
The physical quantities for the Sun, for the white dwarf Sirius B and for neutron stars with masses
M ' 1.4M�, 1.8M� and 2.0M� were numerically calculated by considering the Newtonian and post-
Newtonian solutions of the Lane-Emden equations. It was shown that the post-Newtonian corrections
were negligible for the Sun and for Sirius B. For stars with strong fields the post-Newtonian corrections
become important, so that for the neutron stars analysed here the central pressure and the temperature
which follow from the post-Newtonian Lane-Emden equation are about fifty to sixty percent greater
than those of the Newtonian one and the central mass density is about three to four percent smaller.
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[23] André, R., Kremer, G. M. , 2017, Res. Astron. Astrophys., 17, 122
[24] Basu, S. Antia, H. M., 2008, Physics Reports,457, 217
[25] Lattimer, J. M. , Prakash, M. , 2001, Ap. J., 550, 426
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